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^ ■ 1. Introduction 

vh : 

Ph. An important part of stringy orbifold theory is the various twist- 

ings the theory possesses. Unfortunately, it is also the part of stringy 
OO | orbifold theory that we understand the least. For example, for the 

untwisted theory, we have a rather complete conjectural answer to its 
i — i. structure and relation to crepant resolution. On the other hand, both 

O: the structure of twisted theory and its relation to desingularization are 

still mysterious at this moment. This article fills in one piece of the 
' puzzle. 

Recall that for any almost complex orbifold X, we can associate a 
Chen- Ruan orbifold cohomology ring Hq r (X, C) jCRlj as the summa- 
tion of ordinary cohomology over all the sectors with appropriate de- 
t— i ■ gree shifting. There are two important factors of this ring. (1) There 

is a K-theoretic counterpart K orb (X) due to Adem-Ruan |AR| . (2) 
\ A precise relation between Chen-Ruan orbifold cohomology ring and 

the cohomology ring of its crepant resolution has been proposed [RlJ. 
These two key aspects of the theory will always serve as benchmarks 
l/-) . to our future constructions. Namely, any theory we constructed should 

have two properties: (1) it should be compatible with K-theory; (2) 
J ; it should describe the ring structure of its crepant resolution or more 

generally desingularization. Here, a desingularization is obtained by 
first deforming the equation of a Gorenstein orbifold and then taking 
a crepant resolution. The miracle is that the right answer for one is 
often automatically the right answer for the other one. This gives us 
two powerful approaches to stringy orbifolds. 

Historically, the earliest twisting is due to Vafa jVj , jVW] in the case 
of a global quotient orbifold X = Y/G. Vafa's twisting is a group 
cohomology class a G H 2 (G, S 1 ) called discrete torsion. The notion 
of discrete torsion was generalized to arbitrary orbifolds as a class in 
H 2 (iil rb (X), S 1 ) [RJ. One can construct a twisted orbifold cohomol- 
ogy using discrete torsion |VWj . |R"| . Its K-theoretic counterpart was 
constructed by Adem-Ruan |ARj . However, it fails badly of describing 
the cohomology of desingularization. To remedy the situation, a more 
general twisting was proposed by the author [H] ■ This new twisting is a 
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flat line bundle C over the inertial orbifold satisfying a certain compat- 
ibility condition (see Definition 3.1). £ is called an inner local system. 
The inner local system works well for the second task, i.e, describing 
the cohomology group of a desingularization. But Adem-Ruan's con- 
struction of twisted orbifold K-theory fails to cover the case of an inner 
local system. 

A more important problem is to twist orbifold quantum cohomology, 
which is unknown even for discrete torsion. Recall that the Cohomolog- 
ical Crepant Resolution Conjecture can be phrased as follows: the cup 
product of a crepant resolution Y of Gorenstein orbifold X is the Chen- 
Ruan product of X and quantum corrections coming from Gromov- 
Witten invariants of exceptional rational curves. This conjecture was 
obtained by understanding the behavior of quantum cohomology when 
we deform a crepant resolution to orbifold, even though our initial goal 
is only to understand cohomology. Therefore, to understand even the 
ordinary ring structure of desingularization, one has to understand the 
quantum cohomology and its twisting. This is the main goal of this 
paper. 

Back then, both problems seemed to be hopeless. The situation 
changed when Lupercio-Uribe introduced the notion of gerbes to orb- 
ifolds |LUlj (see also Tu-Xu-Laurent-Gengoux |TXL| ). Lupercio-Uribe- 
Tu-Xu-Laurent-Gengoux constructed twisted K-theory using a gerbe 
on any groupoid, which is much more general than an orbifold. Their 
twisted K-theory generalizes Adem-Ruan's twisted K-theory on orb- 
ifolds and twisted K-theory on smooth manifolds studied by Witten 
[W] , Bouwknegt-Mathai |BM| Freed- Hopkins- Teleman |FHT| and oth- 
ers. The beauty of gerbes is that one can easily do differential geometry, 
which is precisely what we were doing for quantum cohomology. In this 
context, Lupercio-Uribe interpreted an inner local system as the holo- 
nomy line bundle on the inertial groupoid of a gerbe. In this article, 
we would like to go one more step further to use the gerbe to twist 
orbifold quantum cohomology. During the course of this work, some 
subtleties arise. In the theory of gerbes, there is a distinction between 
flat gerbes and non-flat gerbes. A flat gerbe has torsion characteristic 
class and is often referred as a torsion gerbe. It has a rather long his- 
tory in classical geometry under the name of Brauer group. The flat 
gerbe or element of the Brauer group is precisely the data we are able 
to use to twist orbifold quantum cohomology. On a smooth manifold, 
our twisted orbifold qunatum cohomology did not give any new infor- 
mation (see Corollary 16 .2|) . However, an orbifold flat gerbe naturally 
contains discrete torsion. It gives an abundance of new invariants. Our 
construction does not work for non-flat gerbes. In many ways, non-flat 
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gerbes seem to fall into the realm of non-commutative geometry. A 
further understanding of twisted orbifold quantum cohomology may 
require a full-fledged theory of non-commutative quantum cohomol- 
ogy. The on-going development of geometry with B-field by Hitchin 
and others may provide another approach to this type of question. 

Since a gerbe and its twisted K-theory can be constructed over a 
singular space much more general than an orbifold, a natural ques- 
tion is: Can we construct a (twisted) orbifold (quantum) cohomology 
for a general groupoid such that (1) it agrees with twisted K-theory 
rationally; (2) it describes the cohomology of its desingularization? 

The main results of this paper were announced by the second author 
in 2001 at ICM Satellite conference on Stringy Orbifolds in Chengdu. 
For various reason, we were distracted by other projects. We apologize 
for such a long delay. During the preparation of this paper, we received 
an article of Lupercio and Uribe where there is some overlap between 
our section 4 and their paper |LUj . 

The paper is organized as follows. In section 2, we will review the 
basic definitions of orbifold and groupoid. In seciton 3, we will review 
the definition of gerbes and their holonomy. In section 4, we will show 
how to use the holonomy of a gerbe to twist orbifold GW-invariants. 
Some examples will be computed in the last section. 



2. A REVIEW OF ORBIFOLD GROMOV- WlTTEN INVARIANTS 

We will review the construction of ordinary orbifold Gromov-Witten 
invariants due to Chen-Ruan CR2J. We will only sketch the main 
construction and refer the detail to [CR2 . But we take this opportunity 
to steamline the definition. 

From now on, we will use X Q to denote a connected component of 
X. We will also assume that all intersections U^...^ = fl ■ • ■ n U k 
are connected. Otherwise, we work component by component. 

An orbifold atlas is defined in the same way. 

Definition 2.1 (Orbifold Atlas). A n- dimensional smooth orbifold at- 
las on connected open cover {Ui}i e i of X is given by the following data: 

(1): Each Ui is covered by an unformizing system (Ui,Gjj.,7Ti) in 

the following sense. U is smooth. Gjj. is a finite group acting 

smoothly on U and 7Tj : U — > Ui is invariant under Gjy. such 

that it induces a homeomorphism Ui/Gjj. = U. We call U an 
orbifold chart. 
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Choose a component n i 1 (Uij) and let G 7r 7 1 (Ui j ) c ^ e 
the subgroup fixing 7i~ 1 (Uij) . Then (7r~ 1 (C/i J ) , G jr7 im. a , 7Tj) 



an uniformizing system of U^ ( called an induced uniformizing 
system). Other induced uniformizing system are of the form 
{9^i\Ui^ ,gG vT i ( jj.. )o g- 1 ,'K i ) for g e G & .. Namely, G . acts 
transitively on the collection of induced unformizing systems. In 
the same way, (Uj,Gjj.,iTj) induces a collection of uniformizing 
systems over acts transitively by Gfj.. 

(2) : Tran(Ui,Uj) is a collection of isomorphisms from 
(^ 1 ( U ij)o,G 7r -i {u .. )o ,ir i ) to (nJ 1 (U ij ) ,G w -i {u .. )o ,7r j ). Here, the 
isomorphism is an isomorphism \j : G^i^..^ — > G^-i^..^ 

and an equivariant diffeomorphism : 7r~ 1 (C/ i j) — > 7r~ 1 (C/jj) . 
Moreover, all such isomorphisms are generated from a fixed one 
by the action of Gi x Gj in an obvious way. Each isomorphism 
is called a transition map. 

(3) : Tran(Ui,Ui) is generated by the identity. Tran(Uj,Ui) = 
Tran(Ui, Uj)~ l in the sense that each transition in Tran(Uj, U) 
is the inverse of some transition of Tran(Ui,Uj) . 

Over the triple intersection U^, each of Ui,Uj,Uk induces 
a uniformizing system and transitions restrict to them as well. 
Then, we require 

(4) : There is a multiplication such that (4>jk, \jk) ° (<f>ij, \j) i> s the 
restriction of an element of Tran(Ui,Uk) ■ 



Note that we do not require Ui to be connected. 

If W is a refinement of U satisfying (*), then there is an induced orb- 
ifold atlas over W in an obvious fashion. Two orbifold atlases are con- 
sidered to be equivalent if their induced orbifold atlases are equivalent 
over a common refinement in an obvious fashion. Such an equivalence 
class is called an orbifold structure over X. So we may choose U to be 
arbitrarily fine. 

Let x E X. By choosing a small neighborhood V p G U, we may 
assume that its uniformizing system V(V P ) = (U p , G p ) has the property 
that Up is an n-ball centered at origin o and ir^ 1 ^) = o where tt p : 
Up — > V p = Up/Gp is the projection map. In particular, the origin o is 
fixed by G p . We called G p the local group at p. If G p acts effectively 
for every p, we call X an effective orbifold. 

Recall Satake's definition of orbifold map. A map / : X — > Y is an 
orbifold map iff locally / : U — > Vi can be lifted to an equivariant map 
fi : Ui — > Vi with a homomorphism A« : Gjj_ — > Gy.. Suppose that we 
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want to pull back an orbifold vector bundle from Y . We can use a local 
lifting fi to construct the local pull-back. But there is no reason that 
local pull-backs can be glued together. In order to glue them together, 
we have to impose the condition on transitions. Then, we obtain the 
notion of orbifold morphism. Now it is clear how we should impose our 
condition called compatible system. 

Definition 2.2. Fix an underlying map f : X — > Y . A compatible 
system consists of an orbifold atlas (Ui, Gjj.),Tran(Ui, Uj) of X and an 

orbifold atlas (Vi,G v ),Tran(Vi,Vj) ofY with the following additional 
properties: 

(i) : / maps a member of one atlas to a member of other atalas, 
i.e.J : Ui -> V K (i). 

(ii) : The local map in (i) can be lifted to \ : Gfj. — > G v . and an 

equivariant map fi'.Ui—* V K ^y 

(iii) : There is a map \j : Tran(Ui,Uj) — > Tran(V K ^,V K ^) pre- 
serving the identity, inverse and multiplication. 

(iv) : X ij (g)of i = fjog. 

Suppose that {Vp} is a refinement of {Vj}. Then, {/ _1 (Vs)} is a re- 
finement of {Ui}. We can take a further refinement {U a } of {/^(Va)}- 
Then we still have property (i). Furthermore, the original compatible 
system induces compatible systems over {U a }, {Vg}. We call this a 
refinement of compatible systems. 

Definition 2.3 (Isomorphism of compatible systems). Two compati- 
ble systems given by (fi, Aj, A^-), (//, A-, A^) over the same orbifold atlas 
(Ui,Gjj), (Vj,Gy) are said to be isomorphic if they differ by an auto- 
morphism of orbifold structure (Vj,G v ). Namely, there is an element 
Si G Tran{Vi, V*) such that 

f' = SiO u \[ = w- 1 , \' tJ = s^s- 1 . 

For two arbitrary compatible systems over isomorphic orbifold atlases, 
by taking refinements and components if necessary, we can induce two 
compatible systems over the same orbifold atlas. Then the original ones 
are isomorphic iff the induced ones are isomorphic in the above sense. 
An orbifold morphism is a map with an isomorphism class of compatible 
system. 

Chen-Ruan also developed a machinery to classify good maps. The 
key is an invariant they called the characteristic. The case we will use 
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is the global quotient orbifold denoted by the stacky notation [X/G]. 
The characteristic can be interpreted as follows. 

Suppose that / : Y — > [X/G] is a good map. We can pull back the 
G-bundle X — > X/G to obtain a G-bundle p : E — > Y and a G-map 
F : E — > X. In fact, the equivalence class of a good map / is equivalent 
to the pair (p, F) modulo bundle isomorphism. Namely, (p, F) (p', F') 
iff p' = ph, F' = Fh for a bundle isomorphism h : E' — > E . 

Since G is a finite group, p : E — > Y is an orbifold cover. By 
covering space theory, E is determined by the conjugacy class of a 
homomorphism p : ir° rb (Y,xo) — > G. We call p and its conjugacy class 
Chen-Ruan characteristic. 

Consider the pairs: 

AX = {( P , {g) Gp )\peX,geG p }, 

where (g)c p is the conjugacy class of g in G p . If there is no confusion, we 
will omit the subscript G p to simplify the notation. AX has a natural 
orbifold structure (Proposition 12. 4j) and is called the inertia orbifold. 
More generally, we can define the multisector 

x k = {(p, (gi,- ■■ ,gk)G P )\p ei.fte G p }, 

It is clear that AX = X\. There are two classes of maps between 
multisectors. 

I '■ X k — > X k 

by 

i(p, {91, ■ ■ ■ , gk)G P ) = (p, (#r\ • ■ • , g^hp), 

and 

e il,-,il '■ X-k Xi 

by 

e«,-,ii(?) (fl'i)-- - ,^)g p ) = (p, (giv^g^Gp)- 

Suppose that X has an orbifold structure U with orbifold atlas 
(Ui, G{j., iri),Tran(Ui, Uj). 

Proposition 2.4. X^ is naturally an orbifold, with the orbifold atlas 
given by 

( U U^Gu), 

where U s = U 91 n C/ S2 n • • • n t/ 9fc . -H"ere g = (g x , ■ ■ ■ , g k ), U 9 stands for 
the fixed-point set of g in U. When X is almost complex, X k inherits 
an almost complex structure from X , and when X is closed, X k is a 
finite disjoint union of closed orbifolds. 
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Next, we would like to describe the connected components of Xj,. 
Suppose that p, q are in the same orbifold chart [/, uniformized by 
(Ui,Gjj.,7ii). Let p, q be a preimages of p, q respectively. Then G p = 
Gp,G q = Gq and both of them are subgroups of Gjj.. We say that 
(gi)Gp - (§2)0, if h{q) = p,gi = /ig 2 /i _1 for some element /i G G^.. 
For two arbitrary points p, g G X, we say (g)c p — (s')G q if there 
is a sequence (p , (g )G P0 ), • • • , (Pfc, (gfc)G Pfc ) such that (p ,(go)G PO ) = 
(P, (g)o p ), (p*, (gfc)c Pfe ) = (g, (g')cj and Pi,p i+ i are in the same orb- 
ifold chart and (gi)c Pi — (Si+i)G Pi+1 - This defines an equivalence rela- 
tion on {(g) g p }- In particular, it is possible that (g)c p — (s!)g p while 
{g)cp 7^ (g')Gp- Let Tfc be the set of equivalence classes. By abuse of 
the notation, we often use (g) to denote the equivalence class to which 
(s)g, belongs. It is clear that Xk decomposes as a disjoint union of 
connected components 

Xk = U 

where 

X (s) = {(p,(g') Gp )\g'eG k p ,(g') Gp e(g)}. 

Let Tj° C T k be such that (g±, • • • , g^) G T£ has the property <?i •••<?& = 
1. 

Definition 2.5. /org 7^ 1 is called a twisted sector. X( g ) is called 
a k -multi- sector or a k-sector. Furthermore, we call X^ = X the 
nontwisted sector. 

Example 2.6. Suppose that X = Y/G is a global quotient. By the 
definition, AX = \_\ geG Y 9 / G where Y 9 is the fixed-point set of elements 
g EG. Equivalents, AX = \J (g) Y 9 /C{g). 

Proposition 2.7. Both the evaluation maps e ilt ... ti[ and I are orbifold 
morphisms. 

Next, we extend the notion of orbifold morphism to the case in which 
the domain is a nodal orbifold Riemann surface. 

Recall that a nodal curve with k marked points is a pair (X, z) con- 
sisting of a connected topological space £ = U 7r s ! ,(S^), where Y> v is 
a smooth complex curve and ir u : H v — > E is a continuous map, and 
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z = (zi, ■ ■ ■ ,Zk) consists of k distinct points in E with the following 
properties: 

• For each z G E„, there is a neighborhood of it such that the 
restriction of ti v : H v — > E to this neighborhood is a homeomor- 
phism to its image. 

• For each z G E, we have Yl u H 271 ' 1 ^) < 2. 

• Y.u # 7r i7 1 (^) = 1 for eacl1 2 i e z 

• The number of complex curves T, v is finite. 

• The set of nodal points {z\ J2 U ^Z X { Z ) = 2} is finite. 

A point z G E„ is called singular (or a node) if ~Y^ W ^ttJ 1 (71^,(2:)) = 2. 
A point 2 e E„ is said to be a marked point if vr^(z) = Zj G z. Each 
Yj v is called a component of E. Let A;^ be the number of points on E„ 
which are either singular or marked, and g v be the genus of H u ; a nodal 
curve (E, z) is called stable if fc„ + 2g u > 3 holds for each component 
Ej, of E. 

Definition 2.8. A nodal orbicurve a noda/ marked curve (E, z) to£/j 
an orbifold structure as follows: 

• TTie set z u of orbifold points of each component E^ is contained 
in the set of marked points and nodal points z. 

• A neighborhood of a marked point is uniformized by a branched 
covering map z — > z mi with mi > 1 . 

• A neighborhood of a nodal point (viewed as a neighborhood of 
the origin of {xy = 0} C C 2 ) is uniformized by a branched 
covering map (x,y) — > (x nj ,y nj ), with rij > 1, and with group 
action e 2m l ni {x,y) = (e 2m / n: >x,e~ 2m / n: >y). 

Here mi and rij are allowed to be equal to one, i.e., the corresponding 
orbifold structure is trivial there. We denote the corresponding nodal 
orbicurve by (E, z, m, n) where m = (mi, • • • , mk) and n = (rij). 

Once we have the definition of nodal orbicurve, we can extend the 
definition of compatible system and orbifold morphism word by word 
to the case where the domain is a nodal orbicurve. 

First, recall that for every point p G E, an orbifold morphism / : 
E — > X induces a homomorphism G p — > G/( p ). 

Definition 2.9. Let (X, J) be an almost complex orbifold. An orbifold 
stable map into (X, J) is a quadruple (f, (E, z, m, n), ip s ), £) described 
as follows: 
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(1) f is a continuous map from the nodal orbicurve (£, z, m, n) into 
X such that each f v = f ' oit v is a pseudo-holomorphic map from 
T, u into X . 

(2) £ is an isomorphism class of compatible structures. 

(3) Let k v be the order of the set z v , namely the number of points on 
Yj v which are special (i.e. nodal or marked ); if f v is a constant 
map, then 2g u — 2 + k u > 0. 

(4) At any marked or nodal point p the induced homomorphism on 
the local group \ p : G p — > is injective. 

Finally we observe that each C°° orbifold morphism from an orbifold 
nodal Riemann surface with k marked points into an orbifold X de- 
termines a point in the product of inertia orbifolds (AX) k as follows: 
let the underlying continuous map be / and for each marked point Zi, 
i — 1, • • • , k, let Xi be the positive generator of the cyclic local group at 
Zi, and \ Zi be the homomorphism determined by the given compatible 
system; then the determined point in (AX) k is 

(A 21 (zi)) G/(zi) ), • • • , (f(z k ), (\ Zk (x k )) Gf(zk) )). 

Let x = (X( Sl ),-- - ,X( 9fc )) be a connected component in (AX) fc . We 
say that a good map with a compatible system is of type x if the above 
point it determines in (AX) k lies in the component x. 

Remark 2.10. If f : £ — > X is a pseudo-holomorphic map whose 
image intersects the singular locus of X at only finitely many points, 
then there is a unique choice of orbifold structure on £ together with a 
unique (/,£), where f is a good map with an isomorphism class of com- 
patible systems £ whose underlying continuous map is f. If the image 
of f lies completely inside the singular locus, there could be different 
choices, and they are regarded as different points in the moduli space. 

Definition 2.11. 

(1) An orbifold X is symplectic if there is a closed 2-form u on X 
whose local liftings are non-degenerate. 

(2) A projective orbifold is a complex orbifold which is a projective 
variety as an analytic space. 

Proposition 2.12. Suppose that X is a symplectic or projective orb- 
ifold. The moduli space of orbifold stable maps M. g>k (X, J, A, x) is a 
compact metrizable space under a natural topology, whose "virtual di- 
mension" is 2d, where 

d = Ci(TX) • A + (dim c X - 3)(1 — g) + k — t(x). 
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Here t(x) := E?=i «■(«) / or x = • • ' , X (g k ))- 

For any component x = (X( 31 ),--- , JT( gfc )), there are k evaluation 
maps 

et : M g>k {X, J, A, x) -> X (9i) , z = 1, • • • , 

ej has a natural compatible system to make it a good map. For any set 
of cohomology classes «j G H*(Xt gi y,C) C H* rb (X; C), z = 1, • ■ • , k, 
the orbifold Gromov-Witten invariant is defined as 

k 

8=1 

where Lj is the line bundle generated by the cotangent space of the 
i-th marked point. The virtual fundamental cycle [M. g ^{X, J, A, x)] mr 
is defined as the fundamental cycle of a certain orbifold S |CR2j . 

The inertial orbifold admits another interpretation as the space of 
constant loops. Then it is naturally a subset of the free loop space. We 
shall sketch this construction due to Chen jC] (see |LU2j for a groupoid 
description). 

Let QX be the space of orbifold morphisms from S 1 with trivial 
orbifold structure to X. QX is the analog of the free loop space of a 
smooth manifold. We need the following important 

Lemma 2.13 (Lemma 3.15 in [0]). Let X = Y/G be a global quotient. 
Then, QX = P(Y,G)/G, where 

P(Y, G) = {( 7 , <?); 7 : [0, 1] - y, g e G, 7 (1) = (^(0)}. 
Here, G acts on P(Y,G) by h(j,g) = [ho^.h^gh). 

We call r a constant loop if the underlying map is constant. Suppose 
that the image is p G X. Let U p /G p be the orbifold chart at p. By the 
Lemma, QU P /G P = P(U p ,G p )/G. In particular, r is an equivalence 
class of a pair (7, g) where im (7) = p. Under the action of G, we 
naturally identify it as (p, (g)G p )- Therefore, the space of constant loop 
is precisely the inertia orbifold X. 

Suppose that / : E — > X is an orbifold stable map. We take a real 
blow-up of E at all the marked points to obtain a Riemann surface with 
boundary EL E^ can be understood as follows. We remove the marked 
point X{. A neighborhood of a puncture point Xi is biholomorphic to 
S 1 x [0,oo). Hence, we can view E^" as a manifold with cylindrical 
end and Xi is replaced by a circle attached at 00. Another way to 
interpret the evaluation map is that 

ei{f) = /(Sao). 
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This description is important later in our construction. 

3. Gerbes and their holonomy 

After reviewing the construction of orbifold quantum cohomology in 
the last section, we are ready to touch upon the main topic of this 
article-twisting. The earlist twisting from physics is discrete torison 
by Vafa jVj. However, discrete torison is too restrictive to describe 
interesting examples. Therefore, a more general twisting is needed. 
For this purpose, the second author introduced the notion of inner 
local system. Roughly speaking, an inner local system is a flat orbifold 
line bundle over the inertial orbifold X\ satisfying certain compatibility 
conditions. Later, Lupercio-Uribe introduced the concept of gerbe to 
orbifolds. The holonomy line bundle of a gerbe with connection is 
naturally an inner local system. However, not all inner local systems 
are induced in this way |APj . In this section, we will study the relation 
between a gerbe and its holonomy in detail. 

3.1. Inner local system. Recall that for (g±, ■ ■ ■ , g%) € Xjt, there are 
k + 1 evaluation maps 

e i '■ X (gi,-,g k ) X {<m)i i ^ fc > 

and 

efc+i : X (gi,-,g k ) X (gi-g k )- 
Now we introduce the notion of inner local system for an orbifold. 

Definition 3.1. Suppose that X is an orbifold (almost complex or not). 
An inner local system C = {L( 5 )} 9G Ti is an assignment of a flat complex 
orbifold line bundle 

L (g) X (g) 

to each sector X/g) satisfying the following compatibility conditions (1- 

4)- 

(1) : Lm is a trivial orbifold line bundle with a fixed trivialization. 

(2) : There is a nondegenerate pairing Lc g }®I*Lt g -i\ — ► C = L^_y 

(3) : There is a multiplication 

e l L {gi) ® e *2 L (g2) -> e l L (gig 2 ) 

overX {gu92) for (g h g 2 ) e T 2 . 

(4) : 9 is associative in the following sense. For (<?i,<?2, #3) £ T 3 , 
the evaluation maps e« : A( 91j92j93 ) — > X( g ^ factor through 

P = (PliPz) '■ X (gi,g2,g 3 ) X (91,92) x X (gx92,gz)- 
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Let e±2 : X( 9l 92 93 ) — > X( SlS2 ). VKe /irst use Pi to define 

9 : e*L (ffl ) ® e^L^) -> e* 12 L( gig2 y 
Taen, we can use P2 to define a product 

6 : e* 2 L( gifl2 ) <g> egL( g3 ) — > e\L^ gig293 ). 
Taking the composition, we define 

6(6( e l L (gi), e 2 L (g2)), e 3 L (g 3 )) '■ e l L (gi) ® e 2-^(<y 2 ) ® e 3^fe) -> e 4-^( 9 4)- 
On ine oiner nand, the evaluation maps e« a/so factor through 

P ■ -^(91,92,93) ~^ -^(91,9293) x ^(92,93)- 
In t/ie same way, we can define another triple product 

9{e* 1 L {gi) ,9{e* 2 L {g2) ,elL {gz) )) : e\L {gi) <g> e* 2 L {g2) <g> egL (g3 ) -> e^L^). 

Taen, we require the associativity 

0(6(e\L {gi) , e* 2 L {g2) ), e*L te) ) = 6>(e*L (fll) , 9{e* 2 L^ 2 ), egL( fl3 ))). 

If X is a complex orbifold, we assume that L( fl ) is holomorphic. 

Definition 3.2. Given an inner local system C, we define the twisted 
orbifold cohomology 

H* CR (X,£) = ® {g) H^{X ig) ,L {g) ). 

Definition 3.3. Suppose that X is a closed complex orbifold and C is 
an inner local system. We define Dolbeault cohomology groups 

H™(X,£) = ® {g) HV-H^-H^ X{g y,L {g) ). 

Proposition 3.4. If X is a Kahler orbifold, we have the Hodge de- 
composition 

Hcr( x ^) = ®k=p+qHc R (X, C). 

Proof: Note that each sector Xi g \ is a Kahler orbifold. The propo- 
sition follows by applying the ordinary Hodge theorem with twisted 
coefficients to each sector X^ g y □ 
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3.2. Basics on gerbes and connections. The original motivation 
for the introduction of gerbes to orbifolds by Lupercio-Uribe is to un- 
derstand inner local systems conceputally. Let's start from the defini- 
tion of a gerbe on a smooth manifold. We follow closely the exposition 

of (HI. 

Let's suppose X is a smooth manifold and {U a } a an open cover. 
Recall the definition of line bundle. It can be described by transition 
functions 

9ap ■ u af 3 = u a n Up -> s l 

satisfying the conditions 

9aa = l,9/3a = 9 a pi i^9)a/3-y = 9a9p9^ = 1- 

In terms of cohomological language, g a p is a Cech 1-cocycle of the 
sheaf of if? 1 - valued functions C°°(S 1 ). Two sets of transition func- 
tions induce isomorphic line bundles iff they induce the same class 
in-ff^C 00 ^ 1 )). 

A gerbe is a generalization of a line bundle. It is defined as a Cech 
2-cocycle of sheaf of S^-valued function C 00 (S' 1 ) over some open cover 
U. Two gerbes are equivalent if they induced the same cocycle over 
a common refinement. They are isomorphic if they induced the same 
cohomology class in H 2 (X, C°°(S 1 )). Let U = {U a } be an open cover. 
In terms of local data, they are functions 

9<xm ■ u a n Up n u 1 -> s 1 

defined on the threefold intersections satisfying 

9af3-/ = 9 ai p = gp ai = 9 1 p a 
and the cocycle condition 

on the four-fold intersections U a fl Up PI U y PI U v . It also defines a class 
in H S (X; Z); Consider the long exact sequence of cohomology 

► H\X, C°°(R)) -> H\X, C^iS 1 )) 2> H i+1 {X, Z) -»■ - • ■ 

derived from the exact sequence of sheaves 

-> Z -> C°°(R) -> C DO (5' 1 ) -> 1. 

Recall that ri([p a ^]) G H 2 (X, Z) is the first Chern class of the corre- 
sponding line bundle. In the same way, the characteristic class of a 
gerbe is T2([g a p 1 }). It is well-known that C°°(R) is a fine sheaf; we get 
H 2 (X, C 00 ^ 1 )) = H 3 (X, Z). We might say that a gerbe is determined 
topologically by its characteristic class. Furthermore, we can tensor 
them using the product of cocycles. 
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We call a gerbe g = {g a/3 } a trivial gerbe if g — 5f is a coboundary 
for some 1-cochain /. / is called a trivialization of g. In terms of local 
data, / is defined by functions 

fa/3 = f(3a '■ U a fl Up — > S 1 

on the twofold intersections such that 

9aP~f fapfp~ffya 

Hence, g is represented as a coboundary 5f = g. 

Suppose that /i, / 2 are two different trivializations of g. Then 5(/i/ 2 _1 ) = 
1. Hence h = fif 2 1 is a 1-cocycle and hence defines a line bundle. 

A connection will consist of a pair (A Q p, F a ) where A a p are a 1-forms 
over the double intersections A a p, such that 

iA a/3 + iAp 1 + iA 7a = g~p y dg a p 7 

and the 2-forms F a are defined over U a such that F a — Fp = dA a p. 
Note that we define a global 3- form G such that G\u a = F a . This 
3-form G is called the curvature of the gerbe connection. 

When the curvature G vanishes we say that the connection on the 
gerbe is flat. Therefore, dF a = 0. Since U a is contractible, we can find 
B a such that F a = dB a . Then, on U a fl Up, 

Fp — F a = dA a p = d(Bp — B a ). 

This implies that 

A a p — Bp + B a = df a p. 
From the definition of connection 

iA a p + %Ap 1 + iA ia = g'p^dgap^. 

Hence, 

d(if a p + if fa + if-y a - log g aPl ) = 0. 

Let 

c a p^ = e if ^e if ^e if ^g a p 7 . 

c a p.y is constant. It is clear that c a/ 3 7 is a 2-cocycle differing from g a p.y 
by a coboundary e^ al3 e 1 ^ 7 e % ^ ,a . Since it is constant, c a p^ represents a 
Cech class in H 2 (X, S 1 ) which we call the holonomy of the connection. 

Next, we check that {c a p 7 } is independent of the choice of B a , f a p as 
a Cech co homology class. This is the analogue of the fact that one can 
use a flat connection on a line bundle to change the transition function 
to be constant. If we have different B' a , then d(B a — B' a ) = and hence 
we can write B a — B' a = df a . Let 

fap — fa/3 — fa + f/3- 
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dfLp = A a /3 — Bp + B a — B a + B' a + Bp — Bp = A a p — B f p + B' a . 
Then 

c'afr = e if '^e if ^e if ^g a p 7 = c a p T 
If we have a different choice 

A a p — Bp + B a = df a p, 

fa/3 = fa/3 + 

where \ a p is a constant function. Then, 

c a/ 3 7 = e^e^e^g^ = c a p 1 e iX ^e iX ^e iX ~' a . 

Namely, it differs by a coboundary in the constant sheaf S 1 . 

For a line bundle, when the holonomy is trivial we get a covariant 
constant trivialization of the bundle. If the holonomy of a gerbe is 
trivial, then c Q/ 3 7 is a coboundary, so that there are constants k a p e S 1 
such that 

CQ/37 k a pkp^k^ a . 

Let 

Kp = k a pe~ if ^. 

Then, 

and so we have a trivialization of the gerbe, which we call a flat trivi- 
alization. 

Suppose that the line bundle is given by a Cech cocycle g a p. Recall 
that a connection is a 1-form A a on U a such that 

iAp - iA a = g~pdg a p. 

A section is f a : U a — > S* 1 such that f a = g a pfp- It is covariant constant 
iff it satisfies the equation df a = iA a f a . If we write f a = e iPa , then 
dp a = A a . Therefore, a necessary condition is F a = dA a = 0, i.e., the 
connection is flat. In the case of a gerbe, dA a p ^ in general. We have 
to allow the freedom to choose B a such that d(A a p — Bp + B a ) = 0. 
Hence, the trivialization h a p satisfies a modified equation 

dh a p = i(A a p — Bp + B a )h a p. 

Suppose that we have a second flat trivialization h' a/3 ; then g a p = 
h' a p/h a p defines a line bundle L. Moreover, 

iBp - iB a - iA a p = dlogh a p, 

iB'p - iB' a - iA a p = d\ogh' a p. 

Hence, 

i(B'-B)p-i(B'-B) a = dlogg a p 
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and A a = (B' — B) a defines a connection on L. By the definition of 
B a and B' a , 

F a = dB a = dB' a . 

Hence the curvature dA a = 0. Thus, the difference of two fiat trivial- 
izations of a gerbe is a flat line bundle. One can show that the converse 
is also true. 

3.3. String connection. Recall that a connection on a line bundle 
induces a holonomy map Hoi : QX — > S 1 . The holonomy of a connec- 
tion on a gerbe has similar property. One way to understand it is via 
its analogy to topological quantum field theory. Recall that topologi- 
cal quantum field theory can be described as follows. For any oriented 
rf-dimensional manifold D, we associate a Hilbert space Hd- For any 
cobordism W such that dW = D\ U —D2, we associate a homomor- 
phism 6w '■ 'Hdx — > Ti-D 2 - @w satisfies the gluing axiom. Suppose that 
dW 12 — Di U -D 2 ,dW 23 = D 2 U —D 3 . We can glue W 12 ,W 23 along 
D 2 to obtain W 13 . Then the gluing axiom is #13 = 9 23 o 9 12 . The anal- 
ogy for a gerbe is called a string connection. It contains the following 
ingredients: 

(i) Let I : S* 1 — > X be a smooth map. Since S 1 is one-dimensional, 
the pull-back of a gerbe with connection to the circle is flat and has 
trivial holonomy. Thus we have flat trivializations. For each I, we 
associate the moduli space of flat trivializations C\. C\ is analogous to 
Hd- Recall that we identify flat trivializations if they differ by a flat 
line bundle with trivial holonomy. Then, for each loop we have a space 
which is acted on freely and transitively by the moduli space of flat 
line bundles H X [S X , S 1 ) = S 1 . Hence, L\ is isomorphic to S 1 . In other 
words we have a principal S 1 bundle C over the free loop space flX. 

We will pay special attention to the space of constant loops. Since 
X is embedded in ilX as the space of constant loops, it is interesting 
to compute the restriction of C over X. Suppose that / : S 1 — > X is 
a constant map. Then / is the composition of p : S* 1 — > pt and if : 
pt — > X. The pull-back gerbe iy-g a/ 3 7 is obviously trivial. Furthermore, 
i*fF a = 0, i*fA af3 = 0. Any trivialization of i*fg a p^ is a flat trivialization. 
A key observation is that the flat line bundle over a point is trivial 
as well. Therefore, the pull-back gerbe with connection by if fixes a 
unique flat trivialization. Its pull-back by the projection map p : S 1 — > 
pt defines a canonical element Sf G £/. and hence a canonical section 
of C\x- Hence, C\x is trivial with a canonical trivialization. Therefore, 
we obtain 
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Lemma 3.5. C\x is independent of the connection of the gerbe. Fur- 
thermore, it is trivial with a canonical trivialization. 

(ii) Suppose that / : £ — > X, where £ is a closed Riemann surface. 
Then the pull-back connection of the gerbe (f*F a , f*A a> p) is flat. Its 
holonomy Holf = {c Q( g 7 } is a cohomology class in iT 2 (S,S' 1 ). Since 
H^iTijS 1 ) = Hom(H2(T,, Z), S 1 ), its evaluation on the fundamental 
class of £ naturally identifies it as a complex number. 

A more interesting case is the case of a Riemann surface with bound- 
aries. Suppose that / : £ — > X, where £ is a Riemann surface 
with boundary t{ with a fixed orientation-preserving parameterization 
6 { : S 1 -> *<. Let /i = / o Since ^(E,^ 1 ) = # 3 (£,Z) = 0, the 
pull-back gerbe is trivial and its holonomy is trivial as well. A flat triv- 
ialization restricts to a flat trivialization on each tj. Namely, it induces 
an element <r in Y\i £>i v A different flat trivialization of £ differs by a 
flat line bundle of r of E. It restricts to a flat line bundle Tj over each 
boundary circle viewed as a standard S* 1 via 5j. Recall that 

7r i(E) = {Ai, ■ • • , A2 9 , /i, ■ ■ • , lk\ JJ[A2i-i, A2i]ii • • • Zfc = 1}. 

Hence, ri • - • Tfc = 1. Hence, different flat trivializations induce elements 
differing by a multiplication of (ri, • • • , Tfe) of Tj G 5 1 with n • ■ • Tfc = 1. 
Suppose that Li, • • • , Lfc are k-circle bundles. L\ ® ■ ■ ■ ® Lh can be 
constructed as follows. Let H be the (5' 1 ) fc -bundle with fiber rL(-^)z- 
Then £g>jLj = H x S 1 /(S 1 ) k via the product homomorphism (S l ) k — ► 
S" 1 . From the previous construction, 

Lemma 3.6 (Theorem 6.2.4 in [B]). The pull-back gerbe on E induces 
a canonical element 9^ G ®Ci i} or a trivialization : ®Ci t — > S* 1 . 

Note that if we reverse the orientation of a boundary circle U to 
obtain l i: then = £*.. 

(iii) 9 has a decomposition property as follows. We decompose E 
along a circle E = Ei Ugi E 2 where Ei,E 2 are glued along boundary 
circles /, I. Let £/, ^ be the corresponding loop. Then lj = li and there is 
a canonical isomorphism = S 1 . Hence ®iC^ = ®i£i i <8>£i l ®£i r 
Under this identification, it is clear that 

Gluing axiom: 

9s = El ®#s 2 . 
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9 admits another interpretation closely analogous to topological quan- 
tum field theory. We can view S as a cobordism between incoming cir- 
cles U (with opposite orientation from the boundary orientation) and 
outgoing circles lj. Then, 6*s can also be interpreted as an element of 
Hom(®iCi i ,®j& j ). Then the gluing axiom corresponds to the usual 
gluing. 

One application of #s is to define a connection on C — > QX. Take a 
path in the loop space 

F : [0, l]xS^ X. 

Applying the above Lemma, we obtain a canonical isomorphism be- 
tween /^{ojxs 1 and C^yxs 1 - This can be viewed as the parallel transport 
of a connection over C. Recall that a section generated by the parallel 
transport from a point is precisely a covariant constant section. From 
our construction, the restriction of a flat trivialization on [0, 1] x S 1 to 
each {£} x S 1 gives a covariant constant section. 

Lemma 3.7. The canonical section s of C\x is a covariant constant 
section. 

Proof: Suppose that F : [0, 1] x S 1 — > X is a path of constant 
loops. Then F is the composition of the projection to the first factor 
Pi : [0, 1] x S 1 -> [0, 1] and a path of X, i F : [0, 1] -> X. We first use 

to pull back a gerbe with its connection to [0, 1]. Such a pull-back is 
flat with trivial holonomy. Then, we construct a flat trivialization on 
[0, 1]. Now, we pull it back to [0, 1] x S 1 to obtain a flat trivialization 
sp over [0, 1] x 5 1 . It is clear that the restriction of sp to {t} x S 1 is 
si t for l t = F(t,.). By the definition, St = si t is a covariant constant 
section along the path. 

4. Gerbe on orbifold 

The previous construction has been generalized to orbifolds by Lupercio- 
Uribe jLUlj . |LU2j . It is amazing that C —>■ X starts to become non- 
trivial on an orbifold! Therefore, it is more interesting to study gerbes 
on orbifold than on smooth manifolds! 

4.1. Basics. Lupercio-Uribe's construction is carried out for an arbi- 
trary groupoid. The precise definition of gerbe over an orbifold is not 
important for us. Therefore, instead of giving a long technically correct 
definition, let me motivate the definition of groupoid from orbifold. We 
first start from a smooth manifold where one can view a groupoid as a 
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language to formalize the construction of an open cover. Let 

Gq = | | U a , Gi = | | U a p. 

a af3 

In the language of groupoids, G is called the space of objects and Gi 
is called the space of arrows. There are two maps 

s '■ U a p —> U a ,t : U a p — ► Up. 

s, t are called the source map and target map. Consider the fiber 
product 

G 2 = G lt x s Gi = {(x,y);t(x) = s(y)}. 
Using an open cover, it is not hard to see that G 2 = LL/3 7 ^Wr 
There are also source and target maps s,t : G 2 — > Go by s(x,y) = 
s(x),t(x,y) = y. In the language of open covers, it corresponds to 
inclusion maps 

S • UfxP'y > U a) t . U a p^y > [Ay. 

There is an additional multiplication map m : G 2 — > Gi corresponding 
to the inclusion ?7 Q/ 3 7 — > C/ Q7 . To complete the definition of groupoid, 
we also need an identity e : Go — > G\ and an inverse % : G\ — > Gi. In 
our set-up, e : £7 a — > / : U a p — > C//3 Q are identity maps. These 
structure maps satisfy several obvious compatibilility conditions for 

which we refer to |LUlj . We often use Q = {Gi ^ G } to denote the 
groupoid. The process of taking a refinement of an open cover is called 
Morita equivalence in groupoid language. 
One can go on to construct 

G n = G n _i t x s G\. 

It corresponds to the disjoint union of (n + l)-fold intersections. 

With the above correspondence, we can state Lupercio-Uribe's defi- 
nition of gerbes over a groupoid as a function g : G 2 — > S 1 satisfying the 
obvious cocycle condition generalizing the condition on smooth mani- 
folds. If two gerbes g\,g 2 differ by a coboundary, we call them equiva- 
lent. An equivalence class of gerbes is a Cech co homology class of the 
sheaf G°°(S' 1 ) over the so-called classifying space BQ of the groupoid. 
Furthermore, we have a long exact sequence 

H 2 (BG, G°°(R)) -> H 2 {BG, G°°(5 1 )) ^> H 3 {Bg, Z). 

It is different from the smooth case in that the characteristic class t ([<?]) 
is an integral cohomology class of the classifying space BQ instead 
of its space of orbits \Q\. For an orbifold, we can always choose its 
groupoid representative Q with the property that the components of Go 
are contractible. Such a kind of groupoid is called a fine groupoid. Over 
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a fine groupoid, G°°(R) is a fine sheaf. In this case, the equivalence 
class of gerbes is still classified by its characteristic class. 

Over a groupoid a connection on a gerbe is a pair (A, F) where A is 
a one-form on G\ and F is a two-form on Go satisfying the condition. 

t*F - s*F = dA, m\A + i-n* 2 A + im*I*A = g~ x dg. 

Now, to extend the definition of gerbe to orbifold, we just have to 
associate a groupoid to orbifolds which was done by Moerdijk-Pronk 
MP]. To this purpose, we just have to construct G , G\ and s, t. 

Let X be an orbifold and (Ui, Gjy ),Tran(Ui, Uj) be an orbifold atlas. 
We simply define Go = UjL^Gi = UijTran(Ui,Uj). s,t are natural 
projections 

s : Tran(Ui, Uj) — > U^, t : Tran(Ui, Uj) — > Uj. 

We call the above groupoid an orbifold groupoid. 

An orbifold morphism corresponds to a Morita equivalence of mor- 
phisms between orbifold groupoids. An obvious and important fact is 
that 

Remark 4.1. An orbifold morphism between orbifolds pulls back a 
gerbe with connection to a gerbe with connection. 

In particular, if / : Y — > X is a smooth orbifold morphism from a 
smooth manifold Y (viewed with trivial orbifold structure) and [g] is 
a gerbe with connection (A, F) on X, then f*[g], (f*A, f*F) is a gerbe 
with connection on a smooth manifold Y even though we started from 
an orbifold X. Therefore, the previous construction on the holonomy 
line bundle £ goes through trivially. However, its restriction to the 
inertia orbifold is no longer trivial. 

We first look at the case of discrete torsion for a global quotient 
orbifold. The inner local system has been constructed in |Rlj . We 
would like to show that it agrees with the holonomy line bundle from 
the gerbe induced by discrete torsion. Recall that discrete torsion is a 
two-cocycle a : G x G — ► S 1 . Being a cocyle means 

0£g,l = a 1)g = 1, (5a) gAk = OLh,kOt~l >k Oig,hk a g~}i = l - 

The groupoid presentation of the global quotient orbifold X/G is a 
translation groupoid with G = X, Gi = XxG and s(x, g) = x, t(x, g) = 
gx. We will use stacky notation [X/G] to denote this groupoid struc- 
ture. One can check that G2 = X x G x G. a induces a gerbe on Q 
in the obvious way. Furthermore, we can choose a flat connection with 
F = 0,A = 0. Recall that the inertia orbifold is [{U g X 9 )/G] and let 
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lg,h = a g,h a ghg-^ g - R ecau |Rlj that we can define an inner local system 
on [X/G] as follows. Consider the trivial bundle U g X 9 x C g where we 
use C g to denote the fiber C associated to X 9 and l g to denote the 
element 1 in C g . Then, we define an action of g : — > C„^ g -i by 

90-h) = lg,h\ghg-l- 

Let C a be the quotient of the trivial bundle under the above action. 
Theorem 4.2. 

£\a[x/G] — ta- 
proot: We start with some algebraic preliminaries. If a 2-cocycle 

a can be expressed as a coboundary a g ^ = p g PhPg~h, we call p a flat 

trivialization of a. 

A 2-cocycle a corresponds to an equivalence class of group extensions 

1 — ► S — ► G a — ► G — > 1 

The group G a can be given the structure of a compact Lie group, where 
S 1 — > G a is the inclusion of a closed subgroup. The elements in the 
extension group can be represented by pairs {(g, a) \ g E G, a E S 1 } 
with the product {g u a x ) (g 2 , a 2 ) = {gm, a gug2 a 1 a 2 ). 

Lemma 4.3. There is a 1-1 correspondence between the set of charac- 
ters of G a which restrict to scalar multiplication on the central S 1 and 
the set of flat trivializations of a. 

Proof: If t/> : G a — > S l is such a character then we define an associated 
trivialization of a via p(g) = tp(g,l). Note that p(gh) = ip(gh,l) = 
oiUkPteKotgfi) = a-fo({g,i)(h,l)) = a^ h p{g)p{h). Conversely, given 
a flat trivialization p : G — » S 1 , we simply define ip(g, a) = ap(g). Note 
that 

ip((g, a)(h, b)) = i/)(gh, a g:h ab) = abp(g)p(h) = ap(g)bp(h) = if;(g, a)if)(h, b). 

We have proved the lemma □ 

Now, we come back to the proof of theorem. Any element g E G 
generates an abelian subgroup < g >. It pulls back the 2-cocycle 
a and we can define the corresponding group extension < g > a . It 
is well known that any 2-cocycle of a finite cyclic abelian group is a 
coboundary. Hence, we have a nontrivial set of flat trivializations and 
hence a set of characters of < g > a . For any h E G, h sends < g > to 
< hgh^ 1 >. We would like to calculate the action of h on the set of 
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characters (hence flat trivializations) . Given a character for < g > 
and a lifting (h, a) of h, the action is defined by the formula 



Recall that A[X/G] = (U g X 9 x {g})/G. It can be interpreted as fol- 
lows. Let / : S 1 — > [X/G] be a constant good map with Chen-Ruan 
characteristic (g). Then, it factors though the constant morphism to 
[X/ < g >] which is represented by (x,g) for x G X 9 . One can also 
factor through the abelian orbifold [X/ < hgh~ x >] which is equivalent 
to the previous one. This is the action of G on \-\ g X 9 x {g}. Now 
we consider the space of constant morphisms to [X/ < g >], which is 
parameterized by X 9 x {g}. It admits a flat gerbe from G through the 
embedding < g >^ G (denoted by a <g> ), since < g > is an abelian 
group and such a gerbe is trivial. Pick a flat trivialization p of ct< 9 >. p 
defines a section s p of Cxa x { g }- We can use the same argument as in the 
smooth case to show that s p is covariant constant. Therefore, £xsx{ g } 
is trivial as a flat line bundle. However, it does not have a canonical 
flat trivialization since a different flat trivialization of a <g> will define 
a different flat trivialization of £xs>x{g}- Using the calculation above, 
we conclude that the action of G on Cxsx{ g } is via the character 7^. 
We have proved the theorem. 

Theorem 4.4 (Lupercio-Uribe). £|ax is flat. 

Proof: Lupercio-Uribe proved their theorem using a generalization 
of Brylinski's relevant formula in the smooth case. Here, we use our pre- 
vious analysis to give a direct, geometric proof. The question is local. 
Therefore, we can assume that our orbifold is a global quotient [M n / G] 
with gerbe and connection given by (a , F, A). It follows that a = a/3 
where a : G x G — ► S 1 is a 2-cocyle and (3 is a coboundary over \R n / G] 
and (a°,F,A) = (a, 0,0) + (fi,F,A). Let £°, £ and £' represent the 
holonomy line bundles of (a , F, A) , (a, 0,0) and (/3,F,A) restricted 
to the inertia orbifoid respectively. It is clear that £° = £ £' and 
, fixing any path in the inertia orbifold, the parallel transport on £° 
is the tensor product of those on £ and £'. Since j3 is a coboundary , 
there is a flat trivialization of £'. The fact that £ is flat implies that 
£° is flat by Theorem 14.21 



(h, a)(b(x, b) 
(h, a)(x, b)(h, a) -1 



(j)((h,a)(x,b)(h,a) ). 



{hx,a hjX ab){h 1 ,ot /l ^_ 1 a : ) 
(hxh' 1 , ah^ah^h-ia'^b) 
(hxh-\a h , x a-^ h . 1;h b) 
(hxh- l ^ h , x b) 



23 



4.2. Holonomy on an orbifold Riemann surface. If we only con- 
sider maps from a smooth Riemann surface, the construction in the 
smooth case can be readily generalized to the case of orbifolds. A more 
interesting case is the case when / : E — > X is a good map from an orb- 
ifold Riemann surface E. In orbifold quantum cohomology, we have to 
consider its generalization where £ is a nodal orbifold Riemann surface. 

Unfortunately, many things goes wrong and we do not have a straight- 
forward generalization of string connection. One of the critical facts 
for an oriented smooth Riemann surface is H 2 (T,, Z) = Z generated by 
its fundamental class a. We use this fact to interpret the holonomy of 
a gerbe with a connection as a number in S 1 . We start our discussion 
from the following computation of H 2 (BY>, Z) for an orbifold Riemann 
surface. Indeed, a certain subtlety arises. 

Let E be an orientable orbifold Riemann surface, with singular points 
{xi, • • • , x m } and corresponding multiplicities {k\, • • • , k m }. Note that 
the underlying topological space |£| of the orbifold E is a topological 
surface. Let -BE be the corresponding classifying space of the orbifold. 

Given an action of the group G on space X, let EG be a free G 
space which is contractible. One can utilize the Borel construction 
X G = EG x G X. Define H?(X,Z) = H,(EG x G X,Z). It is well 
known that there is an action of S 1 on a 3-manifold M such that 
[M/S 1 ] is the given orbifold E. It is well-known that up to a weak 
homotopy equivalence 5E = M G . Hence, H 2 (BT,, Z) = Hf(M, Z). 

There is a canonical map ttx '■ X G — > X/G and thus a homomor- 
phism H^(X, Z) — > H*(X/G, Z) which is known to be an isomorphism 
if the action of G on X is free. 

Theorem 4.5. Let E be an oriented orbifold Riemann surface. 
if 2 (-BE, Z) = Z. However, ttm* does not map the generator to the 
fundamental class a. Instead, 7iM*{e) = ^-"ca where e G H 2 (BY,,Zi) is 
the generator and r is the least common multiple of the hi. 

Proof: All the coefficients are integers without further specifica- 
tion. 

Choose small open discs A centered around Xi such that their clo- 
sures Bi are disjoint. Let V { = Z -1 ^), V = {J^, V* = / _1 (A), 
V* = \J. V* and U = M — V*. Note that the actions of S l on U and 
U n V are free. 

Now Hf' z (U) = H 2 (U/S\ Z) = since the action is free and U/S 1 
is a smooth surface with boundary. Hj(V / S l ,Z) = for j > since 
V/S 1 is the disjoint union of closed discs. It is well known that the 
local model of a singular point of an orbifold Riemann surface is the 
quotient of a disc by the action of a cyclic group. It follows that 
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Hf> z (V) = 0.^(SZ fei ,Z) and H? ' Z (V) = 0, ^f' z (V) = 0, Z ki 
since H 2 (BZ k , Z) = for all positive integers. 

One has the following commutative diagram by naturality of Mayer- 
Vietoris sequence 

Hf(M,z) ~ #f([/rw,z) -> //f(c/,z)e//f(y,z) 

7T M * I ^1 i h 2 © j 

H 2 (M/S 1 , Z) ~ ^((C/n^j/^.Z) -> H^U/S^Z) 

Now the homomorphisms /ii, /12 are isomorphisms by the remark 
before the statement of the Theorem. A diagram chase argument shows 
that the map Pm* is given by a — > ±r& where a is the generator of 
Hf(M, Z) = Z, b is the generator of H 2 (M/S\ Z) = Z and r is the 
least common multiple of the fcj. 

It is clear that any gerbe connection (F, A) on an orbifold Riemann 
surface is flat for dimension reasons. Therefore, we can define its holo- 
nomy Hol(F, A) as a class in H 2 (BT,, S 1 ) where S 1 means the constant 
sheaf. One can evaluate Hol(F, A) on the generator e G H 2 (BY,, Z) to 
obtain a number Hol(F, A)(e) G S 1 . However, the geometric evaluation 
is over the fundamental class a. By the previous theorem, PM*{ e ) 7^ < J - 
Hence, Hol(F, A) (a) is undefined. 

Now, we take a different point of view of the same phenomenon. 
Consider the gerbe connection over the local 2-dimensional orbifold 
disc [D/Zk\. The connection as well as its holonomy is trivial. A choice 
of flat trivialization restricts to a flat trivialization on the boundary 
circle d(D/Z k ). Namely, we obtain an element of £d(D/z k )- However, 
the space of flat line bundles on [D/Z k ] is non-trivial. In fact, it is 
parameterized by Z k . They induce a set of Z fc -points on £e(D/z k )- Now, 
we go back to the closed orbifold Riemann surface S with orbifold 
points at (z±, ■ ■ ■ , z{) of multiplicity fci, • • • , ki and / : E — > X. We 
decompose E as the disjoint union of orbifold discs [Di/Z ki ] and V = 
E — Ui[Di/Z ki \. Then the flat trivialization at V specifies an element on 
Ci t of each boundary circle U. The gluing law indicates that we should 
associate a set of k\ • ■ ■ /c;-numbers in S x \ 

5. Orbifold quantum cohomology twisted by a flat gerbe 

5.1. String connection on an orbifold and orbifold stable maps. 

Recall the compatibility condition of an inner local system over each 
X (gi,92h 8(91,92) e *i L (9i) ® e *2 L (g 2 ) ® e*^^)-!) = 1. The purpose of 
this condition is as follows. X( Sli92 ) = A^( gi , fl2 , fl3 ) with g 3 = (gi^) -1 can 
be identified as the moduli space of degree zero genus zero maps with 
three marked points-.Mo,3(A, J, 0, x). The evaluation maps at marked 
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points are e^. Let «j G H*(X( g .), L< g ryj. The trivialization #( 91l92 ) maps 
e^ai A e^a^ A 63^3 to an ordinary cohomology class of X^ gi ^ 2m ) and 
hence can be integrated. The latter property allows us to define the 
twisted orbifold product. To carry out the same construction for orb- 
ifold quantum cohomology, we have to construct the trivialization 9 
over A4g t k(X, J, A,x.) for general g, k, A. This can be accomplished by 
Theorem 15.11 

Suppose that / : £ — > X is an orbifold morphism. We take a real 
blow-up at the marked points to obtain a Riemann surface with bound- 
ary E^. Let Zjoo be the corresponding boundary cycle. It is clear that 
each / : E — > X induces a morphism /' : £t — > X. It is clear that 
fioo = Pihoo) is a constant loop. Moreover, we have an identification 

fioo 

Next, the holonomy 9% = 6*st is interpreted as 

E t : ®ie*C -> S 1 . 

Next, we extend the above discussion to orbifold stable maps. Sup- 
pose that / : £ — > X is an orbifold stable map where E is a marked 
orbifold nodal Riemann surface. For simplicity, we assume that E = 
Ei A E 2 joining at point p G Si,g G E 2 . We observe that f poo is the 
same as f qoo with the reversed orientation. Hence, £/ poo = £/ 9DO - Sup- 
pose that the marked points on Ei are x%, • ■ • ,xi and the marked points 
on E 2 are • • • ,x k - We have 

0£ a : ®\<i<ie*C <g> e*C; 6>s 2 : ®i +1 <j< k e*C <g> e*£. 

Using the canonical isomorphism e*C ® e*C — > S* 1 , we obtain 

6*e : ®i<i<fce*£ -> S 1 . 
The analogue of the gluing law is the following theorem. 

Theorem 5.1 (gluing law). s t 2s continuous with respect to the de- 
generation of orbifold stable maps,i.e., it induces a continuous trivial- 
ization of ®i€*C over M. 9i k(A, X, J, x) . 

Proof: 9 is clearly continuous over each stratum of Ai g ,k(A, X, J, x). 
We only have to check that it is continuous with respect to the de- 
generation of orbifold stable maps. It is enough to discuss the case of 
creation of a new nodal point. Suppose that (f n , (E n , z n ), £ n ) converges 
to (/o, (£o,z ),£o) and p G E is the nodal point. It is instructive to 
see the degeneration of £ n to £o- Recall the construction in |CR2j . 
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Locally, 

fn : W tn - (V p - {p})/G p , 
where W t = {xy = t;\x\,\y\ < e} and (V p , G p , n p ) is a uniformizing 
system of p G X. The key is to construct the lifting /„ mapping into 
V p . 

By Lemma 2.2.4 of |CR2 , £ n determines a characteristic 

n : 7ri(W t J - G p . 

Suppose that g is the image of a generator and m is the order of g. 
Then 9 n determines a covering W™ — > W tn . The argument of [CR2, 
Lemma 2.2.4] constructs a lifting f n : W™ — > V^,. Then the convergence 
of / n as a good map is interpreted as convergence of ordinary maps f n 
to fo : H^q" — > V p , which gives a natural compatible system £ at P- 
Note that E acquires a natural orbifold structure at the nodal point 
p, whose uniformizing system is given by (W™, Z m ), where the action 
of Z m on H^™ is the limit of the action on W™. 

Let if>* C W 7 "^ be the circle given by |x| = ^ with complex orien- 
tation of x. converges to a constant loop supported at p. On the 
other hand, the same S 1 with opposite orientation can be expressed 
as \y\ = (denoted by S^*). converges to the constant loop 
support at q. We decompose E n along S„ as E n = E* U51 S^. Then 
E* converges to Ei and converges to E 2 . The above construction 
implies that f n \si converges to (fo) p0 o- Moreover, f n \si* as a good map 
converges to (fo) q0 o- ■ By the gluing axiom , '■ ®ie*C — > S 1 can 
be decomposed as the product of O-^i : ®i<j<«e*£ ® £/ n i x and 6*£2 : 
®i + i<j< k e*C® Ct\ using canonical trivialization C fn 1 <8)£/ n i cl ». It 
is clear that 0£ n converges to #s - D 

5.2. Twisted orbifold Gromov-Witten invariants. So far, we have 
not yet brought in the flatness condition. Recall that ®;e*£ in our con- 
struction is used as the coefficient system or flat line bundle. There- 
fore, we also need to construct a flat trivialization. This requires the 
assumption of flatness of the gerbe. 

Theorem 5.2. For a flat gerbe, # s t is a flat trivialization. 

Proof: A flat bundle is completely determined by its holonomy 
around a loop. Even though Ai g ^(A, X, J, x) is not a smooth manifold 
in general, we can still discuss the flat trivialization of a flat bundle. 
Namely, it is enough to determine if the trivialization is flat around 
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each loop. Since flatness is a local condition, it is enough to prove that 
it is flat along a curve / : [0, 1] — > M. g ,k(A, X, J, x). 
Recall that there is a universal family 

U g>k (A, X, J, x) -> M g , k (A, X, J, x) 

as an orbifold fiber bundle whose fiber is the domain of orbifold stable 
maps modulo automorphisms. The pullback n : f*U gt k(A, X, J, x) — > 
[0, 1] is an orbifold Riemann surface bundle. The total space 
f*Ug : k(A, X, J, x) is an orbifold 3- manifold with boundary. Each marked 
point defines a section Sj. For simplicity, we first assume that there is 
no nodal point. Now, we take a real blow-up along the image of Sj 
to obtain 7Tf : f*U 9t k(A,X, J, x)t — * [0, 1]. Then we replace each by 
S 1 x [0, 1] (denoted by 5/ x [0, 1]). It is clear that ^(t) is the real 
blow-up of 7r _1 (i) along the marked points, where Sj x {t} is precisely 
the infinity circle associated to the i-th marked point of H t = 7l ~ 1 (t). 
A moment of thought tells that f*U g ^(A, X, J,x)' is an oriented 3- 
manifold with the boundary given by 

df*U g , k (A,X, J,x)t = n-\0) U UiS} x [0, 1] U 

Furthermore, the identification happens precisely at the infinity circles 
corresponding to marked points on n^ 1 (0) , n^ 1 (1) . Furthermore, there 

is an evaluation e : U g ^{A, X, J, x) — > X whose restriction to the i-th 
marked point defines e^. It induces an evaluation map 

e r .f*U g , k (A,X,J,x)^X 

whose restriction to each infinity circle defines the corresponding eval- 
uation map ejf = f^. Since the gerbe is flat, the holonomy around 
the boundary df*U gik (A, X, J,x)' is zero. Recall that the restriction 
of a flat trivialization of S} x [0, 1] to its boundary defines parallel 
transport from £/ ioo0 to Cf iool - By our definition, the restriction of the 
flat trivialization to the boundary of n^ 1 (0) , n^ 1 (1) defines elements 
#o £ ®£/iooo'^i e ®^/iooi respectively. The property that the total 
holonomy around df*U gt k(A, X, J, x)^ is zero can be interpreted as the 
statement that parallel transport maps 9 to 9 1 . Then we prove that 6 
is flat. 

If we have nodal points, we do a real blow-up along the nodal point. 
It creates an additional boundary component. However, it is clear that 
the total holonomy of the additional components cancel each other. 
The above argument still applies. 

□ 
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Remark 5.3. The proof of the above theorem depends critically on the 
flatness of the gerbe. 

Now, we are ready to construct twisted orbifold GW-invariants. Us- 
ing ei, we can pull back C (now as an orbifold vector bundle) to define 
the tensor product ®«e*£. Then 9 provides a flat trivialization 

6 : ®ie*C -> C, 

continuous with respect to the topology of M. g ^(A, X, J, x). Suppose 
that x = n^-XVft)- If induces a homomorphism 

^H*{X {gih C {gi) ) - H*(M 9j k{A, X, J, x), C), 

by 

(/?!,••• ,/? fc ) ->^(A i e;a !< ), 

where 

0, : ir(AT Sifc (A,X, J,x),®e*£ (9i) ) -> #*(A* p , fc (A, X, J, x), C) 
is the isomorphism induced by 0. 

Definition 5.4. T/ie orbifold GW-invariants twisted by aflat gerbe are 
defined as 

k 

Kaama^M 1 ' ••'.«!?) = ^(11 PiW'eTo*) J, A, x)] vir , 

where Li is the line bundle generated by the cotangent space of the i-th 
marked point and [Ai g ^(X, J, A, x)} mr is the virtual fundamental cycle 
constructed in |CR2j . 

A standard argument in Gromov-Witten theory will show that our 
twisted orbifold GW-invariants satisfy standard axioms j.CR2j . In par- 
ticular, it implies that there is an associative quantum multiplication 
onHUX,£)- 

6. Computation 

The current treatment of gerbes in the literature is usually abstract. 
One of the author's goals for this article is to be as concrete as possible. 
In this section, we will try to figure out how far we can go to compute 
holonomy inner local system explicitly. We will divide this section into 
smooth versus orbifold cases. 
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6.1. Smooth case. When X is smooth, the ho lonomy line bundle C\x 
is canonically trivial. Hence ®iC*C\x is canonically trivial. Recall that 
for a stable map / : E — > X, Of is another trivialization ®je*£|x = 5 1 . 
Therefore, the difference of two trivializations is a number in S 1 . By 
abuse of notation, we still denote it by Of. On the other hand, we 
can also associate the holonomy Holf G S 1 . The key theorem in the 
smooth case is 

Theorem 6.1. Suppose that X is smooth and C\x is trivialized by its 
canonical trivialization. Then Of = Holf. 

Proof: Let g be the cocycle representing the gerbe. First, we assume 
that the stable map / : E — > X has domain E as an irreducible Rie- 
mann surface. We take a real blow-up to obtain EL There is an obvious 
map 7r : E^ — > E by contracting Zj to Let p = f o n. f*g with its 
connection is flat on E. We can define its holonomy Holf G i? 2 (S, S* 1 ). 
Since i? 2 (S, S* 1 ) = S 1 . We use Holf to denote its Cech cocycle or the 
number through the above isomorphism without any confusion. From 
the construction of Holf, f*g = Holf Sr. Namely, they differ by a 
coboundary. Furthermore, we are allowed to change r by a constant 
cochain. Therefore, we can choose r in such fashion that r\ z is a flat 
trivialization of f*g\ z . Therefore, Sf t = 7r*r| Xi , where fi is the restric- 
tion of p to the boundary circle k. We use p to pull back the gerbe 
represented by the cocycle g. Since -ff 2 (EL,S' 1 ) = 0, n*Holf is triv- 
ial. Choose a trivialization n*Holf = 5h where h is constant. A flat 
trivialization of (P)*g is of the form 5(Inr*r). Then Of is the image of 
((hn*r)\ h , ■ ■ ■ ,(hn*r)\i k ) in <S>iC fi and f = Y\i h k s h- We claim that 
\\ i is Holf through the canonical isomorphism P : Lf 2 (S, S* 1 ) = S 1 . 
This canonical isomorphism is defined by the evaluation on the funda- 
mental class of E. Let's consider the isomorphism induced by 7r 

tt* : # 2 (E, z, S 1 ) -> H 2 (tf, 9E f , S 1 ) 

and the isomorphism induced by the inclusion (E, 0) C (E,z) 

// 2 (E,z, ( 5 1 )^// 2 (E,5 1 ). 

Note that Holf\ z = 1 and hence can be viewed as an element of 
# 2 (E, z, S 1 ) as well as H 2 (Z\ <9Et, S 1 ) as its pull-back by tt. Therefore, 
the image of Holf under P can also be obtained by the evaluation of 
n*Holf on the relative fundamental class of (EL, <9E^) which is precisely 
Uihi since < 7r*#oZ/, [E*, >=< (J/i, [St, 9St] >=< /i, [9St] >= 
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Now, we consider the general case in which E may have more than 
one component. Then, we apply previous argument for each compo- 
nent. By the gluing axiom, Of is multiplicative. Holf is obviously 
multiplicative. Hence, the theorem is true for multi-components X as 
well. □ 

Suppose that we have a flat connection (A,F). Then we have the 
global holonomy Hoi G H 2 (X, S 1 ). It is clear that Holf = Hol{f*[E]). 
Then we prove that 

Corollary 6.2. Suppose that (g, F, A) is aflat gerbe. Under the canon- 
ical trivialization of C\x, the twisted GW-invariant 

^IwW* ■ ■ ■ , 4 fc ) = Hol{A)^ g J kA ^a^ ■ ■ • , a 1 *). 

6.2. Discrete torsion. Suppose that we have a global quotient orb- 
ifold [X/G] and a discrete torsion a : G x G — > S 1 . Recall that 
we can express the inertia orbifold as a global quotient A [X/G] = 
[(U 9 X 9 x {g})/G}. Furthermore, the holonomy line bundle 

C A[X/G] = (U g X° X {g}) x 7 C. 

We would like to express the moduli space of orbifold stable maps as 
a G-global quotient as well. This has already been done in |JKK| . 
Let's briefly review their construction. As we mentioned previously, by 
pulling back via the G-bundle X — > X/G, an orbifold stable map is 
equivalent to a G-orbifold cover E — ► S and a G-map : E — > X. AG- 
stable map has additional data Zj-a lifting of the marked point z- t G S. 
Consider the isotropy subgroup G^ C G. For dimensional reasons 
G^ — Zfc for some k. Z{ uniquely determines an element <?j as the 
generator of G^. gi has a geometric interpretation as the monodromy 
of a small loop around Z{. It is independent of the lifting of small loop 
because a different lifting will conjugate gi by an element of G^, which 
is abelian. Now, the evaluation map is lifted to 

Ci(E -> E, 4>, zi, • • • z k ) = {<t>(zi),gi). 

G acts on G-stable maps by its action on Si and e« is G-equivariant. Let 
A4 g k (A, X, J) be the moduli space of G-stable maps. We can apply 

Q 

virtual fundamental cycle techniques for A4 g k to obtain a G-orbifold 
GW-invariant. The orbifold GW-invariant is the invariant part of the 
G-orbifold GW-invariant. 



We can use e, to pull back £ A [x/g] to form a flat line bundle 
M g>k (A,X,J)x 
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By our construction the holonomy of E should give a flat trivialization 
of this flat line bundle and we would like to write it down explicitly. 

Without loss of generality, we assume that E is irreducible. We take 
a real blow-up E^ at all the marked points. There results a real blow- 
up E' of E at all the preimage points of z%. G acts on E^ freely and 
£t = E^/G. Using the translation groupoid representation [E^/G] of 
we can pull back a to a flat gerbe on E'. The general theory 
tells us that this flat gerbe is trivial. Furthermore, a flat trivialization 
restricts to a flat trivialization on each boundary circle. Let's study 
the induced gerbe on E' from the point of view of the Chen-Ruan 
characteristic. Fix a base point Xq in the interior of E' and choose a 
lifting x e E'. It defines the CR-characteristic p : 7Ti(Et,xq) — > G. In 
fact, E* = E univ x p G where E univ is the universal cover. We can use 
p to pull back a to a 2-cocycle a of 7Ti(T^,xq). The induced gerbe on 
is given by a. Since E univ is contractible, 

H 2 (7rx(E\ x ), S 1 ) S H 2 (T,\ S 1 ) £ 0. 

Therefore, a is a coboundary. Choose a cobundary a = 5h. 

Let's go back to the local monodromy <j f at Zj. Indeed, it is the mon- 
odromy along the boundary circle associated with Z{. We would like to 
embed < > in 7Ti(Y$, x ) as a subgroup. This can be done as follows. 
Choose a path d% from xq to the boundary circle associated with z,{ with 
the end point Xi, then go around the boundary circle to giXi and go 
back to giXo along gidj 1 . Its projection U on E^ is a loop at xq whose 
lifting defines p(lj) = gi. Then, we map gi to 7». It can be shown that a 
different path d[ conjugates /j by an element of the image of tti{E\ x ). 
The image of iti(E\ xq) is precisely the kernel of p. It is clear that 
®<gi> = a <9i> = &h <gi> . Therefore, we can use h <gi> to trivialize 
CxBix{ gi \- Hence, the trivialization given by holonomy on E^ corre- 
sponds to the pull-back of the trivial bundle Cxsix{ gi }- We still have 
to show that j gi ■ ■ • r ) 9k = 1 in order to descend to a trivial bundle over 
•Mg,k(A, [X/G], J). This follows directly from the CR-characteristic p. 
Recall that 7Ti(E' , xq) has generators h, - ■ ■ , Ik, fJ-i, • • ■ P2 g with relation 
Y[j\p>2j-x, 2j]h ■ ■ ■ h = 1- Therefore, 

1 = 7IIil/iiy-i./*y]'r"»* = Ii^-i> T^Jt/i • • • lh = lh ' "llu- 

j 

Then we can apply the previous construction to the G-orbifold Gromov- 
Witten invariants constructed in |JKKj . Thus, we proved 
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Theorem 6.3. The twisted orbifold Gromov-Witten invariant of a dis- 
crete torsion is the G-invariant part of the G-orbifold Gromov-Witten 
invariant, under the action twisted by the discrete torsion. 
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